SECOND INTRA SCHOOL MATHEMATICS OLYMPIAD
ANSWER KEY
CLASS XI

1

Sinee me and noare consecutive positive integers with n® = m® = 20, then n is greater than m.
Therefore, we can write n = m + 1.
Since n* —m? = 20, then (m+ 1" —m® = Wor m* +2m+1—m* = 2or In = 19or m = L,
Sinee me is a positive integer, then m = 10,
Thus, we want to find the minimum value of 0 +m® = (m + 117 +m® = 2m® + 2m + 1 when
e = 10,
This minimun will cecur when m = 10 (sinee 2m? 4 2 4 1 inercases with mowhen e is a
positive integer),
Therefore, the minimun possible valoe is 3{10%) 4+ 2(10) + 1 = 221,

Answer: (E)

2

There are 64 cubes to start,

If we look at the bottom laver of cubes, we see that there are 6 uncovered cubes, each of which

is missing 3 eubes above it. These are the only cubes that are missing.

Thus, there are 6(3) = 18 missing cubes, so there are 61 = 18 = 46 cubes remaining,
AnsweERr: (A)

3

Selution I
Since vn? + 0 + 0 + 0t = 6, then v ir? = 64 or 2n = 61, sinee # = 0.
Thus, » = 32,

Sehilion 2
Sinee RE + n2 + 0t + 0t = 64, then Vian® = 64,
Thus, 4r? = 647 = 4096, and so @ = 1024,
Sinee n = 0, then n = /1024 = 32,
AnswER: (DY)

. Since r is an integer, then = + 1 is an integer.

Sinee is to be integer, then o+ 1 must be a divisor of =6,

T
Thus, there are 8 possible values for & + 1, namely —G6, —3, =2, —1, 1, 2, 3, and 6.
This gives 8 possible values for =, namely =7, =4, =3, =2, 0, 1, 2, and 5,
AnswER: (A)

5

Sinee the three numbers in each straight line must have a product of 3240 and must include 45,
then the other two numbers in each line must have a product of % =72,
The pessible pairs of positive integers are 1 and T2, 2 and 36, 3 and 24, 4 and 18, 6 and 12,
and & and 9,
The sums of the nambers in these pairs are 73, 38, 27, 22, 18, and 17,
To maximize the suwm of the c:ight mmbers, we want to choose the pairs with the ]m'gc'ﬁt |H’r‘ﬁi}]]t‘
sims, 50 we choose the fivst four pairs,
Thus, the |ﬂrgne—'.r pnﬁ!—:ihlﬂ sim of the nighr mambers is T3 + 38 4+ 27 + 22 = 160.

AnsweER: (E)

6
The bottom left vertex of the triangle has coordinates (0, 0], since y = » (the line with positive
slope) passes throngh the origin.
The battom right vertex of the triangle corresponds with the s-intercept of the line y = —2x 43,
which we find by setting p = 0 to oblpin —2r+3 = 0or x = g Thns, the bottom right vertes
is (3.0).
The top vertey is the point of intersection of the two lines, which we find by combining the
erquations of the two lnes to get v = —Zr +3or dr =3 ore = 1.
Thus, this peint of interseetion is (1,1
Therefore, the trisngle has a base along the r-axis of length % arel n height of length 1 I:i.hr:
wecoordinate of the top vertex),
Thus, the area of the triangle is 4 (3) (1) = 3.

ANswER: [A)



. Buppose that these two integers are > and @ + 1, sinee they are conseentive,
Then (x4 1% =& = 109 0r (77 4 22 4 1) — 2% = 190 or 2 + 1 = 199 or x = 04,
Therefore, the two integers ave 99 and 100, and the sum of their squares is 99¢ + 100¢ or
QROL + 10000 = 10801,
ANSWER: (A)

8

Sinee AP = 1200 and QRS is a steaight line, then £PRS = 1807 — 120° = G0°,
Since ZARPS =007, then SAS5RP iz a 30°-60°-00¢ triangle,

Therefore, R5 = 2FH = 2{12) = 24,

Drop a perpendicular from P to T on 15,

Since ZPRT = 60° and £PTR = 90°, then APRT is also a 30°-60°-90° triangle,
Therefore, PT = "—f PR= [i\-"ﬁ.
Consider 20008, We may consider (5 as ibs base with height PT.
Thus, its area is f,l[[l VS + 24} = 063
Answenr: (E)

9

S'II.IJIJ[:IHE‘ ']:]J!.l. I‘-'H.]I. Telll ek ‘IiHlﬂ[]l'E‘ nf: li[l] a1k T\[‘l[]i!}l}'.

Then on Tuesday, he ran 2z km, on Wednesday, he ran = km, on Thursday, he ran 1= km, and

on Friday he ran » km.

The shortest of any of his runs was em Thursday, so 3—21 =5orx =10,

Therefore, his runs were 10 km, 20 km, 10 km, 5 ki, and 10 km, for a total of 55 km.
ANSWER: [A)

10

. Solution 1
Accounting for all of the missing numbers, M + N+ P+ Q4+ R=14+4+5+647=23,
To determine the sum M + N + P+ ), we can determine the value of i and subtract this
from 23.

it cannot be 1, since 041 = 1 is pot prime. {If B was 1, we would thus have the sum of the

mimbers at the ends of one of the edges not equal to a prime muanber.)

f cannot be 4, sinee 00+ 4 = 4 i= not prime.

T2 cannol be G, sinee (14 G = 6 is not priene,

B cannot be 7, sinee 2 4+ 7 = 9 12 not prime.

v process of elimination, =5, s0 M+ N+ P+ Q=23 -0= 18,

(We will see in Solution 2 that we can fill in the rest of the mmbers in a way that satisfies the
requirements. |

Soluteon 2

The missing munbers are 1,4, 5, 6, 7.

Sines Q A4 3 mmst be a periane mmber, then Q‘ st be [sinee 1o 3, 543, G4 3, amd T3
are not prime).

Sinee M+ 0 and W+ 4 must bhoth be e munbers, then M oomst be 7 I{Bl!l['!' 1+ 644
and G + 4 are not ljl'itlll‘}l.

Since £+ 2 and P + 4 most both be prime munbers, then P must be 1 (since 5+ 4 and 6+ 2
are not prime).

Sinee & 4+ 7 and N + 1 nmst both be prime mumbers, then N must be § (sincee 5 4+ 7 iz not
priilm).

We can check that if £ = 5, then the requirement that the sum of the two numbers at the ends
of each edge be a prime number is met.

Thus, M + N+ P+ =7+6+1+4 =18 ]
AnsweERr: ()



11

Solufion |

Sinee AR = B, then £ lies on the perpendicular bisector of AC,

Since A has coordinates (2,2) and © has coordinates (8,4), then the midpoint of AC is

(3(2+8).5(4 +2)) = (5.3) and the slope of AC | is 3 4 E %

Therefore, the slope of the perpendicular bisector is =3 (the negative reciprocal of 1) and it
passes through (5, 3], 0 has equation ¥ — 3 = —3(» — i':] of § = —3r + 18,

The s-intercept of this line comes when g is set to ] here, we obtain & = 6.

Therefore, since B is the point where the perpendicular biseetor of A crosses the s-axis, then
the w-coordinate of I is &,

[We can cheek that indeed if B has coordinates (6,00, then AH and BC are perpendicnlar,)

Solution 2

Sinee AARC s an isosceles right-angled triangle, then ZABC = 907, and s0 AH is perpendic-
ular to BC.

Suppose I has E‘I:I{rldlllaLH (&, 0],

The slope of AD is = 2 and the slope of B0 i is - = ?J

Sinee AfF and B ate ]wrpr'mlwn]ﬂr their slopes are negative reciprocals, so

2 2k
- a1
—8 = {2}k
—& = ¥ -10b+14
F—1h+24 = 0

[h—d)b—6) = 0

and so b =4 or b =G,

We must determine which value of b gives AfF = BC (since we have already used the perpen-
dicularity).

IEb =4, then AB = /{4 - ZZI'I + (0 = ‘Z}E = \.-"g aned BC = /(8 - -1]'2 + [4 =0} = \,-'E anl
an Al = [,

Therefore, the s-coordinate of I mnst be 6.

(We can check that, in this case, AR does egual BC)

Soluiion F

To go from A to O, we go 6 units right and 2 anits ap.

Suppose that to go from A to B2, we go pounits right and g units down, were p,g = 0.

Sinee B s equal and perpendicnlar to A, then to go from B to O we must go g units right
Jll“] P' |.|:||.i.1ﬁ- '||.|J.

[We can see this by leoking at the slopes of segments AR and B

Therefore, to get from A ta O throngh B, we go p4g units right and g—p anits up, so p4g = 6
aned f = p =2, as the result is the same as from going diveetly to O Trom A,

Sinee p+q =06 and g —p=2, then 2y = 8 [adding the equations), so g = 4, and so p= 2.
Sinee A has coordinates {2, 23, then B has coordinates (6, 0) which lies on the z-axis as required.

AnswER: (D}
12

Since each term after the third is the sum of the preceding three terms, then, looking at
fourth term, 13 =5+p+gor p+g =8
Looking at the fifth term, r =p+ g+ 13 =8+ 13 =21
Looking at the seventh term, & = 13 + r 4+ 40 = 13 + 21 + 40 = T4,
ANSWER:

the

(D)



13

Consider rectangles WXYE and PORS.

Each of the four sides of PORS can intersect at most 2 of the sides of WXY 2, as any straight
line can intersect at most two sides of a rectangle.

Therefore, the maximum possible number of points of intersection between the two rectangles
is B,

8 points of intersection iz possible, as we con see in the disgram:

H:;’ f{;\“x v
Si\\f?

£ «-\\;{ I

B

So the maximum possible munber of points of Interseetion is &,

ANsWER: (1))
14

. Since the point (5.3) lands on the point (1, —1) when folded, then the fold line must pass
throngh the midpoint of these two points, namely {-lf{—] 4+ 11, %[.‘i + (=1 ]]:I =(3,1).

3

N

Ll
(1-1)
Fold

Of the given possibilities, (3, 1) lies only on the line y = —& + 4, 80 (1D} is the answer.
{In fact, the fold line must be the perpendicular bisector of the line segment throngh (5, 3)

R
and (1, =17, The slope of the line segment through (5,3) and (1, =1} is _;1] =1, so the
5 —
perpendicular bisector has slope —1.
Since the perpendicular biscetor has slope —1 and passes through (3,1), then it has equation
y=-—-x+4.)

AnsweRr: (D)

15

Between 5000 and GOMY, every integer except for G000 has thousands digit equal to 5.
Note that the munber G000 does not have the desired property.
Thus, we are locking for integers Sryz with v+ y+ 2 = 5.
The possible combinations of three digits for @, y and = are; 5, 0, 00 4, 1, 0 3, 2, 0; 3, 1, 1;
2,2 1.
A combination of three different digits (like 4, 1, 0) can be arvanged in 6 wavs: 410, 401, 140,
104, 041, 014,
A combination of three digits with one repeated (like 5, 0, 0) can be arranged in 3 ways: 500,
050, D05,
Therefore, 5,0, 0 and 3, 1, 1 and 2, 2, 1 each give § integers, and 4, 1, 0 and 3. 2, 0 each give
6 integers.
S0 the number of integers with the desived property is 3{3) + 2(6) = 21,

Amswen: (C)



16

-1 P o -
. Since p—tq = 17, then T 17or —34 _ —170r plpg+1) =17.
Pty Ly L+ qipg + 1)
Iy P

Since p and g are positive integers, then pg+ 1 > 0, 50 we can divide out the common factor in
the namerator and denominator to obtain r_ LT or p = 174q.

Sinee poand g arve positive integers, then g g 1.
Since p+q < 100, then 17+ < 100 or 187 < 100 or g = 12 =51
Since q 18 a positive integer, then g < 5,
Therefore, the combined restriction is 1 < g = 5, and so there are five pairs.
[We can check that these pairs are (p,q) = {17,1),(34,2}, (51,3}, (68, 4], (85,5].)
Answrni: ()

17

Sinee the circle has radins 1, then its area is 7(1%) = 7.

SiTl(!(.‘ t]ll.1 .‘ﬂll]ﬂf[.‘ H]I.[] L]Il.‘. {!il’(!]l! I]J‘l‘r'(.‘ L]'IF SATIE ArCH, L]I.i.!]l. L]l{! Hi(l{! ]E.‘llﬂih c}f l}l.(.‘ HE]'IIE'I.I".‘ I.": ﬁ.
Let M be the midpoint of line segment PO

Sinee ) is a chord of the cirele, then OM s perpendicular to line sesment PG

Sinee QM is perpendienlar to PO and O is the centre of the square, then QM is half of the
length of one of the sides of the square, so QM = .—;-.,-'?.

By the Pythagorean Theorem in AOPM, we have PM? = OP*—0OM? = 1*—{} ..fﬁjl"2 =1-im

Therefore, PQ = 2PM = 2/1—4r = /4(1 - ir) = VI=7.

ANSWER: (A

18
Adding the second and third equations, we obtain
ac+ W+ ad+ e = 77
e+ oad + e+ d = 77
afe 4 d) + bic+d) = 77
(o +bjfc+d) = 77

Sinee cach of o, b, ¢ and d is s positive integer, then o + b and ¢ + d are cach positive integers

and are each at least 2,

Sinee the product of a + b and ¢ +d 158 77 =7 = 11 (with 7 and 11 both prime), then one muast

eoual T and the other st equal 11,

Therelore, a+ b+ c+d =7+ 11 = |8

[We can check with some work that (e, b e d) = (5, 2,4, 7) is a solntion to the svstem, )
Answer: (1)

19

. Sinee cach term is obtained by adding the same number te the previons term, then the differ-
enees hetween pairs of consecutive terms are conal.
Looking at the first three terms, we thus have 2a —a = b — 2o or b = 3.
Therefore, in terms of o, the first four terms are a, 2o, 3a, and o — 6 = 30 = =6 — 2a.
Since the constant difference hetween the terms equals @ (as 2a — o = a), then the fourth term
should be o, 20 do = —6 — 2o or Go = —Gor e = — L.
Thus, the sequence beging —1, =2, —3, —4.
The 1001k term i= thus — 100 (which we can get by inspeetion or by saving that we most add
the common difference 99 times to the first term, to get =1 4 9% - 1) = = 100).
Answen: (A)



20

We label the stages in this process as Stage U (a square}, Stage 1 (2 triangles), Stage 2 (4
triangles), Stage 3 (& triangles], and Stage 4 (16 trangles).

We want to determine the length of the longest edge of one of the 16 triangles in Stage 4.

At Sh],l;r: 1. we have two 1'ig311a->1[;gltxl soseeles l1'imlgltr1,' with 1{![_;5 ol ltmgl}l 4.

Consider a general right-angled isosceles triangle ABC with legs AR and BC of length a.
Sinee this is o 45°-45°-00° triangle, its hypotenusze AC has length +Za.

We aplit the triangle into twoe equal pieces by bisecting the right-angle at I#;

B

Sinee MAHRC is fscsceles, then this bisecting line is both an altitude and a median. In other
words, it iz perpendicular to AC at M oand M s the midpoint of AC

Theretore, the two triangular pieces AAME and ACME are identical 457457007 triangles.
The longest edges of these triangles {AF and O3 are the legs of the original triangle, and so
have length a.

Since the longest edge of the original triangle was +Za, then the longest edge has heen redueed
1)}-’ i E!I(!Lﬂlr (Jr \,JE

Sinee we have shown that this is the case for an arhitrary isosceles right-angled triangle, we
can then apply this property to our problemn,

In Stage 1, the longest edge has length 443



