CLASS XIl CHAPTER 1 RELATION AND FUNCTION

MISC. EX. SOLUTIONS

1. Letf: R — R be defined as f(x) = 10x + 7. Find the function g : R — R such

thatgof=fog=1_.
ANS:

It 1s given that /' R — R 15 defined as fix) = 1Cx + 7.
Cne-one:

Let fiz0) = fiy), where x, y ER.

= 10c+7 =10y +7

= x=y

.. fis a one-one function.

Onto:

Fory ER,lety=10x+ 7.

Therefore, for any y € R, there exists x = y];? eRsuchthat f(x)= f(vl;l).?J = ID(

C.f1s onto.
Therefore, /15 one-one and onto.
Thus, f1s an mvertible function.

Letus defineg: R = Rasg(y) _r=7

10

Mow, we have:

(10x+7)-7 10x _

gof (x)=g(f(x))=g(10x+7)= m m ~10
And,
fog(v)=f(2g(»)= f["’rl;?] = 'D(%J” —y-T+T=y

- gof =l and fog = Iy

Hence, the required functiong: R — R is defined as g(y) = %

v—7
10

]+?=y—?+?=,v.



2. Letf: W — Whbedefinedas f(n)=n—-1,1ifnisoddand f(n)=n+ 1,1f n 1s
even. Show that f1s mvertible. Find the inverse of /. Here, W 1s the set of all
whole numbers.

ANS:

It 15 given that:

J W —Wis defined as f (n)= : ;:? :;E : ;d:n
One-ofne;

Let fin) = flm).

It can be observed that 1if #7115 odd and m 15 even, thenwe will have n—1=m+ 1.

=H-m=2

However, this is impossible.

Stmilarly, the possibility of 7 being even and m being odd can also be 1gnored under a similar argument.
. Both n and m must be either odd or even.

Now, 1f both 7 and m are odd, then we have:

fim=fm)=n-1=m-1=2n=m

Again, 1f both » and m are even, then we have:

fim=fm)=2ntl=m+1=2n=m

~f13 one-one.

It 15 clear that any odd number 27+ 1 1n co-domain IV 15 the image of 2 in domain N and any even mumber 2r in co-domain N 15 the
image of 2r + 1 in domain NV

~f13 onto,



Hence, {15 an invertible function.
Let us define g: W — W as:

{} m=1, 1fm is even
EV=) m=1, ifm is odd

Mow, when # 15 odd:
gof (n)=g(f(n))=g(n-1)=n-1+1=n
And when 2 15 even:
gof (n)=g(f(n))=g(n+1)=n+l-1=n
Similarly, when # 15 odd:
fog(m)=f(g(m))=f(m=1)=m-1+1=m
When #2135 even:
fog(m)=f(g(m))=f(m+1)=m+1-1=m
congof =1, and fog =1,
Thus, fis invertible and the inverse of fis given by ! = g, which is the same as /.
Hence, the inverse of {15 fitself.
3. Iff: R — Ris defined by fix) = x* — 3x + 2, find f(f(x)).
ANS:
It is given that £ R — R is defined as fix) =x* — 3x + 2.
F(F ()= f(x*=3x+2)
= (¥ -3x+2) =3(x* -3x+2)+2

= 9 +4—6x  —12x + 43" =3  +9x -6+ 2

=y —6x’ +10x* —3x



4. Show that the function f: R — {xe R:—1<x <1} defined by f(l’)=i

1+ x|

x € R 1s one one and onto function.

X

It isgiventhat f R —={xr € R:—1 <x < 1} 15 defined as fix) =I'—,x ER

+
Suppose flx) =fly), wherex, y E R.

X Vv
. .
| +|x| ]+|y|

It can be observed that if x 15 positive and y 15 negative, then we have:

x ;
S N 2xy=x—y
I+x 1-y

Since x 15 positive and y 15 negative:

XFy=x—yp=0

But, 2y 15 negative.

Then, 2xy#=x—y.

Thus, the case of x being positive and y being negative can be ruled out.

Under a similar argument, x being negative and y being positive can also be ruled out
. x and y have to be either positive or negative.

When x and y are both positive, we have:

f(x)=F(y)= ﬁ= ﬁﬁxﬂy =y+ay=x=y



“Whern x and p are both negative, we have:

f(x)=r(y)= i =L:>x—,ry:y—.v.r:>.r=}-'
I-x 1-¥

S 15 one-one.
MNow,lety € Rsuchthat—1 <p < 1.

Y eR such that

If y 1z negative, then there existsx = I
+y

[ -].J J I}I

. . ¥ I+_]» '|+J,: ¥ )
f ¥ =_Jf = = = =y
( } [I+)'J - l+[ —y] l+y—y

I+ y 1+

Y eR such that

If y 1z positive, then there exists x = I
—y

f(x}=f[ - ]l['y"’] i

= =V
S
+ - )
=) -y

S 15 onto.

Hence, /15 one-one and onto.

5. Show that the function /- R — R given by f(x) = x° 1s injective.
ANS:

R — R is given as fx) =x°.

Suppose fix) =y, wherex, y E R

= x =y3 ey

Now, we need to show that x =y

Suppose x £y, their cubes will also not be equal.
= 3 :ﬁy3

However, this will be a contradiction to {10,
Sx=y

Hence, {1z injective.



6. Give examples of two functions f: N — Z and g : Z — Z such that g o f1s
injective but g 1s not injective.

(Hint : Consider f(x) =x and g(x) = |x|).

ANS:
Define f N — Zas fly=xand g: Z — Z as g(x) =],
We first show that g 15 not injective.
It can be observed that:
g-11=|-1|=1
gy =|I|=1
Sog-ly=g(1),but—1#£1
S g 15 not injective.
Now, goff N — Z is defined as gof (x) = g f (x)) = g (x) =|x|.
Letx, y € I such that gofix) = gofiy).
> =[]
Since x and y € N, both are positive.
== x=y

Hence, gof 15 injective

Give examples of two functions /- N — N and g : N — N such that g o f1s onfo
but f1s not onto.

_ _ - x—1ifx>1
(Hint - Consider f{x) =x+ 1 and g(ﬂ={ i s

ANS:



Define f' N — N by,
fy=x+1
And, g I — IV by,

} x=1ifx=1
Xl=
= e

We first show that g 1s not onto.
For this, consider element 1 in co-domain I I 15 clear that this element is not an image of any of the elements in domain IV
2 fis not onto,

Now, gof: I — N iz defined by,

gof (x)=g(f(x)=g(x+1)=(x+1)-1  [xeN=(x+1)>1]

X

Ther, it 15 clear that for y € N, there exists x =y £ N such that gofix) =y

Hence, gof'is onto.

8. Given a non empty set X consider P(X) which 1s the set of all subsets of X.

Define the relation R in P(X) as follows:

For subsets A, B in P(X), ARB if and only if A — B_Is R an equivalence relation
on P(X)? Justify your answer.

ANS:



Since every set is a subset of itself, AR A for all A € PX)

R s reflexive.

Let ARB = A C B.

This cannot be impliedto 5 C A

For instance, 1t A={1, 2} and 5= {1, 2, 3}, then it cannot be implied that 5 15 related to A
C.Rois not symimetric.

Further, if AR5 and BRC then A C Fand 5 C &

=ACC

= AR

SR ois transitive.

Hence, E 15 ot an equivalence relation since it 1s not symmetric.

9. Given a non-empty set X, consider the binary operation * : P(X) x P(X) — P(X)
given by A* B=A N B VA, Bin P(X), where P(X) is the power set of X
Show that X 1s the 1dentify element for this operation and X 1s the only mvertible
element 1n P(X) with respect to the operation *.

ANS:
It is given that«: P(.X)x P(X) — P(X)is defined as A* B= A BV A, BeP(X).
Welnowthat AmX =A=XnAVAcP(X).
S A*X=A=X*AY AcP(X)
Thus, & is the identity element for the given binary operation *.
Now, an element 4 e P(X)is invertible if there exists B e P(X)such that

AsB=X=DB#A. (As X is the identity element )
i.e.,
AnB=X=8MnA

This case 15 possible only when A=¥=5&
Thus, & is the only invertible element in PO with respect to the given operation®.

Hence, the given result is proved.



10. Find the number of all onto functions from the set {12 3, n} to itself

ANS:

Orto functions fromthe set {1,2,3, .. j} to itself 15 smply a permutation onm symbols 1,2, .. &

Thus, the total number of onto maps from {1, 2, ..., n}to ttself 15 the same as the total number of permutations onn symbols 1,2, .. n,
which 15 1

11. LetS={a b c}and T={1,2, 3} Find F’ of the following functions F from S
to T, 1f 1t exists.

W F={@.3).(0,2).(c.1)} @ F={(a 2),’1).(1)}

ANS:

S={a, b, c} T={1,2,3}

() F: § — Tis defined as:

F={(a,3),(, 2, 1}

= F(@)=3F@®)=2Fc=1

Therefore, F1: T — § is given by

Fl={(3,a), 25, 1,a)

(0 F: & — T1s defined as:

F={(a,2),(b, 1), (c, )}

Since F (3) =F (c) =1, F is not one-one

Hence, F is not invertible i.e., F! does not exist.

12. Consider the binary operations * : R * R — R and o : R ¥ R — R defined as
a*b=la—blandaob=a, Ya. be R Show that * is commutative but not
associative, o 1s associative but not commutative. Further, show that Y a. b, c e R,
a*(boc)=(a=b)o(a=*b). [Ifit1sso, we say that the operation * distributes
over the operation o]. Does o distribute over *? Justify your answer.

ANS:



It 15 given that *: R *R — and o R * R — R isdefined as
arhb=la—blandacb=a Yo, b ER

Fora, b € R, we have:

a*bh=|a—bl

bra=lp-d=|-(a-b)=la-b

Sa¥th=h*g

.. The operation * 15 commutative.

It can be observed that,

(1%2)=3=(]1-2))*3=1%3=[1-3|=2
1#(2#3)=1#(]2-3|) =1#1=[1-1]=0
o (1#2)#3%1%(2+43) (where 1,2,3eR)

..The operation * 15 not associative.

MNow, consider the operation o

It canbe observedthat 1o2=1and201=2.
Jlo2#2010wherel,2 ER)

..The operation o 15 not commutative.

Let e, b, ¢ € R. Then, we have:



(@obloc=aoc=a
agolboci=aobh=ga
=gobloc=gol(boc)

.. The operation o 15 associative.

Wow, let @, b, ¢ € R, then we have:
a*Boch=a*b=|a—b
(@*b)ola*cy=(la-b|)o(la—c|)=|a—b|
Hence,a*boci=la*biola*c
Mow,
lo@*3)=lo(]2-3])=101=1
lo2)*(1o3=1*1=I-1|=0
S1o@*F0N20o2d*¥ (1 o3 (where1,2,3 ER)

.. The operation o does not distribute over *.

13. Given a non-empty set X, let ¥ : P(X) x P(X) — P(X) be defined as
A*B=(A-B)uU(B-A), wA, Be P(X). Show that the empty set ¢ 1s the
identity for the operation # and all the elements A of P(X) are invertible with
A=A (Hnt: A-¢)w(@-A)=Aand (A-A)V (A-A)=A*xA=10).

ANS:



It 15 given that *: PCY) % PLY) — PCX) 15 defined as

A*B=(4- By U (B—A) YA 5 cPX.

Let A € P(X) Then, we have:

A*=(A- U (S—D=AJ S=4

PrA=(F-ADH U A-F)=Fd U A=A

JAFE=A=FF ANV AP

Thus, & 15 the 1dentity element for the given operation®.

Mow, an elemnent A £ PO will be invertible if there exists 5 € PCXY) such that
A*B=¢=F%A (As €15 the 1dentity element)

Now, we observed that A% A =(A—A)U(A—A)=pug=¢ VAeP(X).
Hence, all the elements 4 of P(X) are invertible with 471 =4

14. Define a binary operation * on the set {0, 1,2, 3. 4, 5} as
a+b, ifa+b<é6
a*b= ]
a+b—6 ifa+bz6
Show that zero is the identity for this operation and each element a of the set is

invertible with 6 — a being the mverse of a.
ANS:
LetX={0,1,2,3,4,5}
The operation * on X 15 defined as:

a+h ifa+bh<b
a+h-6 ifa+b=6

a*b:

An element ¢ € X is the identity element for the operation * if gse=g=e*q Yae X.

For a e X, we observed that:
a*0=a+0=a [ae X =a+0<6]
Deg=04+a=a [(JEX:>D+H-=:6]

Sa*¥l=g=0%qg Yae X
Thus, 15 the identity element for the given operation *.
An element o € X is invertible if there exists bE Fouchthata ¥ bh=0=~8*g

. a+b=0=b+a, ifa+h=<6
Y a4 b-6=0=b+a-6, ifath>6



1e,
a=—borb=6—ua
But, X¥={0 1,23, 4 5}anda, b & X Then, a £—5.

Ch=d—gisthe iwerse ofa Ve e X

Hernce, the inverse of an element s €X, £ 0is6—aie al=6-a

15. LetA=1{-1,0,1,2} B={-4,-2,0, 2} andf g: A — B be functions defined

by f) =x*—x,x € A and g(x)=2

1
1'—5‘—11 x € A Are fand g equal?

Justify your answer. (Hint: One may note that two functions f: A — B and
g A — B such that f(a) = g(a) va € A, are called equal functions).

ANS:
tisgiventhat A=4{-1,0,1,2} B={-4,-2,0,2}

Also, it is given that f, g: A — B are defined by [y =x*—x,x € 4 and g (x)=

2 x—l‘—l, xed.
2

Tt 1z ohserved that:

F(=D)=(=1) =(-1)=1+1=2
2(-1)= 2‘(—1)—%‘—1 - 2(%]4 —3-1=2

_1)_g _
£(0)=(0)" -0=0

g(0)= 2| ——‘ I_E[—]—l=1 1=0
= f(0)=g(0

f’[l}:(l}z—lzl—lzﬂ
g{|)=2‘1—%|—1:2(%]—|=|—|=u

= f()=g(l)

f(2)=(2)-2=4-2=2

g{l}:i‘E—ﬂ—l:I(%J—l:B—I=2

= f(2)=2(2)
~f(a)=g(a) Yae 4

Henece, the functions fand g are equal.



16. LetA={1 2 3} Thennumberofrelations contamming (1, 2) and (1, 3) whach are
reflexive and symmetric but not transitive 1s

(A) 1 (B) 2 (C) 3 (D) 4
ANS:
The given set is &A={1,2,3}
The smallest relation containing (1, 23 and (1, 33 which is reflexive and syrmetric, but not transitive 15 given by
RE=1{(1,1),(2,2),(3,3),(1,2),(1,3), 2, 1), 3, 1)}
Thiz 1z because relation B iz reflexive as (1, 13,02, 23, (3, 3) € E.
Relation B 15 symmetric since (1, 23,02, 1) €K and (1, 3), (3, 13 €E.
But relation E 15 not transitive as (3, 1), (1, 2y € B, bt (3, 2) & B
Wow, if we add any two pairs (3, 23 and (2, 3) (or both) to relation E, then relation B will become transitive.
Hence, the total nurmber of desired relations is one.

The correct answer 13 A

17. LetA={1,2, 3}. Then number of equivalence relations containing (1, 2) 1s
(A) 1 (B) 2 (C) 3 (D) 4

ANS:
Itis gwenthat A={1,2,3}.
The smallest equivalence relation contatning (1, 2) 15 given by,
Ry ={(1,1),2,2),3,3),(1,), @, 1}
Now, we are left with only four pairs 1.e,, (2, 3), (3, 2),(1,3), and (3, 1).

If we odd any one pair [say (2, 3)] to R, then for symmetry we must add (3, 2). Also, for transitivity we are required to add (1, 3) and (3,
1)

Hence, the only equivalence relation (bigger than &) 15 the universal relation

This shows that the total number of equivalence relations containmg (1, 2) 1s two.

The cotrect answer 15 B.



18. Letf: R — R be the Signum Function defined as

1, x>0
f(x)=10, x=0
—~L x<0

and g - R — R be the Greatest Integer Function given by g(x) = [x], where [x] is
greatest integer less than or equal to x. Then, does fog and gof coincide in (0, 1]7

ANS:

It 15 given that,

I, x>0
FR—=Risdefinedas f(x)=1 0, x=0
-1, x<0

Also, g R — R is defined as g = [x], where [x] 15 the greatest integer less than or equal tox.
Mow, letx € (0, 1],
Then, we have:

Kl=1ifx=1and[x]=01f0<x <1

R R R AR e

£(0), ifxe(00) 0. ifxe(0.1)

gof (x)=2(/(x))
=z()  [x>0]

=[1] =1
Thus, whenx = (0, 1), we have fog(x) = Oand gof () = 1.

Hence, fog and gof do not coincide in (0, 1].

19. Number of binary operations on the set {a, b} are
(A) 10 (B) 16 (C) 20 D) 8

ANS:
A binary operation * on {a, b} 15 a function from {a, b} * {a, b} — {a, b}
1.e., * 15 atunction from {(a, @), (a, &), (b, o), (b, &y — {a, b}
Hence, the total number of binary operations on the set {a, b} 15 2%ie, 186,

The correct answer 15 B

Credit to meritnation.com

Downloaded from amitbajajmaths.blogspot.com



