CLASS XII DETERMINANTS CHAPTER 4

MISC. EX. 4 SOLUTIONS

Question 1

x  siné cosd
Prove that the determinant -sin@ —-x 1 |is independent of &
cosd 1 X

ANS :

X sinf?  cosé
A=|-singd —x 1
cos? 1 X
::Jc(x2 —I)—sin 6(—xsin@ —cosf)+cosd(—sin@ + xcos )
=x —x+xsin° @+sin@cosd —sin@cosd + xcos”
=x —x+x(sin23+ cos’ f}]
=x —x+x
=x" (Independent of &)

Hence, & 15 independent of &

Question 2

Without expanding the determinant, prove that

a a bel |1 a’ a’
b b’ cal=|1 b’ B
¢ et abl |l ¢’ ¢’



c ¢ ab
a’ a abe
= i ' b abc [R —aR.R, — bR,.and R, — R, ]
¢’ ¢ abe
a |
=L abelp? b 1 [ Taking out factor abe from C, |
abe . .
c ' 1
a a 1
=|b* b’ 1
¢ ¢’ 1
1 a a
=] b b [Applying C, <> C, and C, <> C,]
1 ¢ ¢
=R H5.

Hence, the given result is proved.

Question 3

cosarcos ff cosasinfl —sina
Evaluate | —sin @ cos f# 0
singcos ff sinasin COS ¢

ANS :

cosacos i cosasinfl —sing
A=| —sinf cos 7 0
singrcos ff singsinf cosa

Ezxpanding along C5, we have:

A= —sin ar(—s.inr::rsﬁin3 - cos’ ﬁsina)+c03cx(mscxc033 B +cosasin’ ,{f]
=sin’ u::r[fs-in2 ﬂ+cuslﬁ)+cus: a[cnslﬁﬂinl ,ﬁ')
=sin’ a (1)+cos” a (1)
=1



Question 4

b+e c+a a+b
If @, & and ¢ are real numbers, andA =|c+a  a+bh b+c|=0,
a+h b+e c+a
Show that etthera+ b +ec=0ora=b=c
ANS :
h+c c+a a+b
A=lc+a a+b b+e
a+h b+ec c+a
Applying R, = R, + R, + R . we have:
2{{:+h+c} 2[a+h+r:] 2[a+h+c']
A=|c+a a+h h+c
a+bh h+c c+a

1 1 1
=2(a+b+c)lc+a a+b b+c

a+b bh+c c+a

Applying C, - C, =C, and C, — C, = C,, we have:

1 0 0
A=2(a+b+c)lc+a b-c b-a
a+bh c—a c-b

Expanding along B, we have:

ﬂ=2[aif;1c)(|]|_(b c'](c h} {f} a][c' a:lJ

2{u+b +c][—b: —ct +2bc - be +bu+uc—c;3]

= 2{a+h +c][m’}+bc'+ca—a: —b° —c:]

It is given that A =0.

(a+b +c}[ab+hc+m—a: - —c:] =1

= Eithera+b+c =0, orab+bc+ca—a —b —¢* =0.

Now,

ab+bctca—a —b -t =0

= Dab—2bc—2ca+2a’ + 2B +2¢7 =0
= {a—b]1+(b—c)z +{(.'—H)2 =0

= {a—h}: =[h—(:]1 =((:—a]! =0

= (a—h} =(h—c} =(.-:—a} =10
=a=h=c¢

[(n—h)z ,[h—c-]: e(c—;)’)l are non-ncgmivc]

Hence, it A =0, then etthera+b+ec=0ora=56=¢



Question 5

Xx+a x x
Solve the equations | x x+a x |[=0,az0

X X X+a
ANS :
x+a X x
x T+a x [=0
x X X+a

Applying R, - R, +R, +R,, we get:
dx+a 3x+a 3x+a

x x+a x |=0
X x x+a
1 1 1
:}(3x+a]1 X+ x =0
X X x+a
Applying C, - C,-C, and C, - C, - C,, we have:
1 0 0
(3x+a)x a 0[=0
X 0 a

Expanding along R, we have:
(3x+a) :lx al] =1
=a’(3x+a)=0

Buta =0,

Therefore, we have:

Sx+a=0
o
= x===
3
Question &
a be ac+e’
Frove that a® + ab b ac |=4a’h’e’
ab B +be

ANS:



a’ be  ac+c’
A=l|a’ +ab b ac

ith b*+bhc ¢
Taking out common factors a, &, and ¢ from C,,C,, and C,, we have:
o [ a-+C
A=abcla+b h a
b h+e ¢
Applying R, - R, -R, and R, = R, —R,, we have:
o [N a4+
A=abc| b b—c -—r
b —r b -
Applying R, — R, +R,, we have:

a c a+c
A=abcla+b b a
b—a b a
Applying R, - R, + R, we have:
a c a+e
A=abcla+b b a
2h 2h 0
a ¢ a+c
=2ab’cla+b b a
1 1 0

Applying C, —» C, - C,, we have:
4 c—a  a+c
A=2abcla+b -a a
1 0 0

Expanding along R4, we have:

A= Eab"c'[a(r —a)+a(a +c]]
= Eaffc[mr —a a4+ ac]
= Eah:c{Zac]
=4da'b’c’

Hence, the given result 15 proved,



Question 7

3 -1 1 1 2
If 4" =|-15 6 =5 |and B=| -1 3
5 -2 2 0 -2

ANS:

1 2 -2
B=|-1 3 0
0 -2 1

L |Bl=1x3-2x(-1)-2(2)=3+2-4=5-4=1
Now, 4, =3.4, =14, =2

Ay =24, =lA; =2

Ay, =6.4,=2.4,=5

1

2

)
0 |, find (4B)"
1

3 2 6
SadiB=|1 1 2
2 2 5
Mow,
BJ_W%TQQB
3 2 6
B =1 | 2
2 2 5
(4B) =B'a"
3 2 6 3 ~I
=|1 | 21-15 6 -5
2 2 51 5 -2
9—30+30 “3+12-12  3-10+12
=[3-15+10 ~l+6-4 1-5+4
6-30425  2412-10  2-10+10
9 3 5
=| -2 I 0



Question 8

1 -2 1
Let 4=|-2 3 1 |werify that
1 1 5

() [adjd] " =adj(4")

i) (47)" = 4
ANS:
1 -2 1
A=|-2 3 1
1 1 5

sfA =115 -1)+ 2(-10-1)+1(-2-3) =14-22-5=-13
Now, 4, =14,4, =114, =-5

Ay =114, =4, 4,, =3

Ay =-5,4, =-3.4,=-1

14 11 -5
nadid=[11 4 3
o
Coa | :
oA =H(ﬂaﬂb‘1)
14 11 -5 -14  -11 5
=—%n 4 03 =%—II 43
-5 3 -l 5 3001

(1)
adjA|=14(-4-9)~11(~11-15)-5(-33+20)
—14(~13)-11(-26)-5(-13)
= —182+286+65 =169

We have,

-13 26 13
adj(adid)=|26 -39 -13
-13 13 65



adjA|
1326 -13
b 230 13
169
13 -13 65
-1 2
=% 3 -1
o S T T
415
4 s 13 13 13
1 4
Now.d'=Cfoil -4 3)=|-o = =
5 3 1
s 3 1
13 13 13
49 _[_£_£] _33 .20
169 169 169 169 169 169
4
cadi(47)= _(_L_E] 1435 _[_4_2+£]
169 169 169 169 169 169
33,2 (.42, 55 56 121
169 169 169 169 169 169
| -13 26 -13 | -1 2 -1
- |26 39 “13|=—|2 3 1
169 13
13 -13 65 1 -1 -5

Hence, [adjd] " =adj(A™).




(i1)

We have shown that:

14 -1 5
A":I]—3 -11 -4 3
5 3 I
-1 2 4
And, a:f;'.*i"=% > 3
-1 -1 -3
Now,

A =[]13]:~ [~14%(=13)+11 x{—26}+5x{—l3}]=[]13]1 x(~169) =~

NS - A - A
. EARE
a2 -1 -1 =5] |1 1

(47) =4

Question ¢

x yoooxty
Evaluate | »  x+y x

X+y x v

ANS:



x ¥ x4y

A= v x+y x

r+y X ¥

Applying R, - R, + R, + R, we have:
2(x+y) 2(x+y) 2(x+y)
A= w» x+y x

x+y x

1 1 1
=2(x+y)| v x+y «x
x+y ox ¥y

Applying C, - C, -C, and C, - C, -C,, we have:

1 0 0
A=2(x+y)| ¥ X x=y
x+y -y —x

Expanding along R, we have:

ﬁ=2[x+y][—x1 +y[x—y]:|

= —2[.:4:+y)[.:c:'r +y° —yx]

= —2[173 + y3)
Question 10
I X y
Evaluate |1 X+y oy
1 X  x+y

ANS:

Applying R, = R, —R, and R; = R, —R,, we have:

1 X ¥
A=|0 v 0
() 0 X

Expanding along Cy, we have:

A=1{xy—0)=xy



Question 11

Using properties of determinants, prove that:

a a® P4y
I g y+al|=(B-y)r-a)(a-pB)(a+pF+y)
yooy a+p

a a’ P+
A=|f ' r+a
y v a+p
Applying R, - R, —R, and R, = R, —R . we have:

a o’ B+y
A=|f-a 7 —a’ o —

y-a y-a’ a-y

3 - G+
=(f-a)(y-a)| B+a -1
I y+o =1

Applying R, = R, —R,, we have:

o at Py

A=(B-a)(y-a)l f+a -1
0 y=£ 0

Expanding along R, we have:

A=(p-a)(y-a)[~(r-A)-a-F~r)]
(B-a)y-a)(r-ENa+p+y)

(a=B)B-y)y-a)a+f+y)

Hence, the given result is proved.



Question 12

Tsing properties of deterrminants, prove that:

x X I+ px’
vy 1+ = (14 pos) (x- ) (y-2) (2 %)
z z" 1+ pz’
ANS:
x X’ 1+ px'ﬁ
A=ly Y lepy
z z! |+ pz’
Applying R, — R, -R, and R, - R, ~R,. we have:
. x’ 1+ px’
A=|y—x p—x P(Jr’l—x;)
-y 2o p(zﬁ—x")
x X’ 1+ px’
G- yex p(rertem)
1 z+x  p(2f+xT+x2)

Applying R, = R, =R, we have:

x x L+ px’
A=(y-x)(z-x)|1 V+x p[yl+x3+xy]
0 z-y  ple-y)(x+y+z)
x X’ 1+ px’
=(y=x)(z=x)(z-»)] y+x p(y3+x:+xy)
0 1 plx+y+z)

Expanding along E, we have:

A=(x=y)(y-2)(z- x)[(—l}{p}(.xy: +x'+ x:y]+] +px’ +p(x +y+z](.1}-‘ﬂ
=(x=p)(y=z)(z—x)[—-po’ - px’ - px’y+1+ px* + pr’y+ poy’ + pxoz |
=(x—y)(y—z)(z—x)(1+ pxrz)

Hence, the given result is proved.



Question 13

Using properties of determinants, prove that:

3a —a+h —a+c
~b+a  3b —b+c|=3(a+b+c)(ab+be+ca)
—c+a —c+b 3¢

ANS:

3 —a+h —a+e
A=-b+a b —h+e
—c+ag —c+b 3c

Applying C, = C, +C, + C,, we have:

a+b+e —a+b —a+e
A=la+b+e 3h ~b+r
a+b+e ~c+b Jc
I —a+b -+
=(a+b+c)|l 3b -b+e
I —c+h e
Applying R, = R, —R, and R; = R, —R . we have:
| —a+h —a+c
A=(a+b+c)|0 2bh+a a-bh
0 a-c 2e4a

Expanding along C, we have:

A=(a+b+ c[(2h+a](2c—a]—(ﬂ—b){a—cﬂ
(a+b+c |:4hc+2ah+2ac +a —a +ac+bc:—bf]
(a

a+b+c)(3ab+3be +3ac)
:3(a+b+n'](ub+ bc+1'a}

Hence, the given result 1s proved.

Question 14

sing properties of determinants, prove that:

I I+p I+ p+yg
2 3+2p 4+3p+2g9 =1
3 6+3p 10+6p+3g



ANS:

1 I+p l+p+g

A=|2 3I+2p 44+3p+2q
6+3p 10+6p+3g

Applying R, - R, -2R, and R, — R, -3R, we have:

| 1+p l+p+g
A=\0 1 2+p

] 3 T+3p
Applying &, = R, -3R,. we have:

1 l+p I+ p+g
A=\0 I 2+ p

0 0 I

Expanding along C;, we have:

1 24 p

A |=10-0)=1

A:.‘

Hence, the given result is proved

Question 15

Using properties of deterrminants, prove that:

SInG COSex cos(a + 5]

sinff cosf cos(f+5) =0

siny  cosy cos(y+d)
ANS:
sing cosar cos(a+d)
A=sinf cosf cos(f+0)
siny  cosy cos(y+d)
sinersind COS (L COS O
= |sin fFsind cos ff cos &
sindcosa | | C .
sinysind COs ¥ eosd

Applying C, = C, +C,. we have:

COS ¥ COS & COS ¢ COsd

1 . .
A=—————cosficosd  cosffcosd
sind cosd . .
COS ¥ CO5 & COS  COS 0

Here, two columns C, and C, are identical.
SA=0

Hence, the given result 15 proved.

COS@X COSO — sina sin g
cos ffeosd —sin fising
Cos ¥ cosd —sin psind

COser CcoSO —sina sin g
cos ff cosd —sin fsind
COS ¥ cosd —sin ysind



Question 16

Solve the systemn of the following equations

E+£+1—:4
X v =z

4 6 5
B
X y z
6.9 20_,
x v =z
ANS:

1 I 1
Let —=p,—=gq,—=r.
X h z

Then the given systern of equations 15 as follows:

2p+3g+10r=4
dp—-6g+5r=1
bp+9g-20r=2

This system can be written in the form of A% = 5, where

2 3 10 p 4
A={4 —6 5 [[A=|g|landB=|1 |.
6 9 20 r 2
Now, iy
A =2(120-45)-3(-80-30)+10(36+36)
=150+330+720

= 1200
Thus, A 15 non-singular. Therefore, its inverse exists.

Mow

1

All =?5,A12= 11':',./413:?2
}121 = 15':',15122 :_1[:'[:',}123: o

flgl =?5,A32 = 3':',1433 =—124



oA :%mgm

75 150 75
1

=500 110 —100 30
720 —24
Mow,
X=A"8
P 75 150 75 |[4
=g - o —100 30 |1
1200
r 72 0 -24 |2
(300 +150+150
_ 1| 440-100+60
12{1{1_ 288 +0-48
1
6007 |2
_ ! Jao0|=| L
]2{1{]_24{] :]3
5

" p=t.g=t.andr=-
F 2:‘&" 3‘ S

Hence, x=2 y=3 andz=5.

Question 17

Choose the correct answer.
If o, b, e, are in AP, then the determinant

x+2 x+3 x+2a
x+3 x+4 x+2b
x+4 x+5 x+2c¢

ADB. 1C.xD. 2x

ANS:



Xx+2 x+3 x+2a
A=x+3 x+4 x+2b
x+4 x+5 x+2¢
x+2 x+3 x+2a
=x+3 x+4 x+(a+c) (2b=a+cas a.b.and ¢ are in A.P.)
x+4 x+5 x+2c¢
Applying R, - R, —R, and R, — R, —R,, we have:
~1 -1 a-c
A=x+3 x+4 x+(a+c)
1 | c—a
Applying R, — R + R, we have:
0 0 0
A=lx+3 x+4 x+a+c

1 | c—a
Here, all the elements of the first row (E,) are zero.

Hence, we have A =0

The correct answer 15 A

Question 18

Choose the correct answer

x 0 0
If x, y, z are nonzero real numbers, then the inverse of matrix 4= 0 ¥ 0|is
0 0 z
0 0 0
AD y! 0 | B. xyz|0 p!
0 0 z”! 0 0 z!
| X 0 0 | I 0 0
C.—0 v 0/D. —|0 1 0
o o0 oz Tlo o

ANS:



x 0 0
A=l0 vy 0

4] 0 z
sldl=x(pz=0)=xpz#0

Now, 4, =yz,4,=0,4,=0
A, =04, =xz.4,,=0
AJ' - U, A}] :U, ."{33 = X}'

vz 0 0
Sadid=|0 xz 0
0 0 Xy
|
AT = —adid
4
| ¥z 0 0
=—\0 xz 0
oo 0w
» 0 0
Xvz
-0 Xy
xyz
0 0 Lo
L Xz |
! 0 0
X
=0 1 0=
-}!‘
o o L
z

The correct answer 15 A



Question 19

Choose the corract answer.

1 sinf? 1
Let 4 =| —sin@ 1 sin® |, where 0 £ 8< 2m, then
-1 —siné |
A Det (&) =0

B. Det (&) € (2, ®)
C.Det (&) € (2,4)

D. Det (£)€ [2, 4]

ANS:

1 sing 1
A=|—sinf 1 sin ¢
-1 —siné 1
~.|d|=1(1+sin" @) —sin &(—sin 0 +sin @) +1(sin* 0 +1)
=1+sin” @ +sin” 6 +1
=2+2sin" @
=2(l+sin:1‘?]
Now, 0=¢ <2xn
=0 =sinf <1
=(0<sin’f<l
= 1<l+sin" @ <2
=>2<2(l+sin"#) <4
~Det(A4)=[2,4]

The correct answer 15 T,
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