CLASS XII APPLICATION OF DERIVATIVES CHAPTER 6

EX. 6.5 SOLUTIONS (013 onwards)

13. Find two numbers whose sum is 24 and whose product is as large as possible.

ANS :

Let one mumber be x. Then, the other number 15 (24 — ).
Let P(x) denote the product of the two mumbers. Thus, we have:

Pl:x] = x(24—x] =24x-x°

.P'{:x:}=24—2t
P(x)=-2

Now,

P'(x)=0 = x=12
Also,
P(12)=-2<0

CBy second derivative test, x = 12 is the point of local maxima of P. Hence, the product of the numbers is the maximum when the
numbers are 12 and 24 — 12 =12,

14. Find two positive numbers x and y such that x +y = 60 and x)* 1s maximum.
ANS:

The two nurmbers are x and p such that x + p =60,

=y=60—x
Let fix) =™

= f(x)=x(60-x)

o f(x)=(60-x) -3x(60-x)’
=(60-x)"[60-x~3x]
=(60-x)(60-4x)

And. f"(x)=-2(60-x)(60 - 4x) - 4(60 - x)°
=-2(60-x)[ 60—4x+2(60-x)]
=-2(60-x)(1806x)
=—12(60-x)(30-x)

Now, [/"(x)=0 = x=60orx=15

When x = 60, £" (x) =0.
When x =15, f"(x) = =12(60-15)(30 - 15) = —12x45x15 <0.

By second derivative test, x = 15 is a point of local maxima of £ Thus, function xp* is maximum whenx =15 andy = 60— 15 =45

Hence, the required numbers are 15 and 45,



15. Find two positive numbers x and y such that their sum 1s 35 and the product x*)°
1S a maximum.

ANS :

Let one number be x. Then, the other number 15y = (35 —x).

Let Plx) = xgyj. Then, we have:

P(x)=x(35-x) And, P () =7(35-)' (10=x)+ 7x| ~(35-)' ~4(35-x)'(10-x)

o P'(x)=2x(35-x) - 5x* (35~ x)' =7(35-x)" (10-x)-7x(35-x)" = 28x(35-x) (10~ x)
=x(35-x)"[2(35-x)-5x] =7(35-%) [(35-%)(10~x) - x(35-x) - 4x(10- x)]
x(35-x)" (70-7x) =7(35-x) [ 350—45x-+x" —35x+x" —40x+ 4x" |
=7x(35-x) (10-x) =7(35-x) (62" ~120x+350)

Now,P'(x)=0 =x=0,x=35,x=10
Whenx =33, f'(x)=f(x)=0 andy =35 - 35 =0. This will make the product x? y equal to 0.

Whenx =0,y =35— 0=35 and the product x%* will be 0,
S x=0andx =35 cannot be the possible values of x

Whenx =10, we have:

P"(x)=7(35-10)" (6x100-120x10+350)
=7(25) (-250) <0

.. By second derivative test, P(x) will be the masimum whenx =10 and y =35 - 10=25.

Hence, the required numbers are 10 and 25.



16. Find two positive numbers whose sum is 16 and the sum of whose cubes is
TYHNTIHTL

ANS :

Let one number be x Then, the other number 15 (16 — x).

Let the sum of the cubes of these numbers be denoted by S(x). Then,

S(x)=x"+(16-x)’

28 (x)=3x" =3(16-x)", §"(x) = 6x+6(16-x)
Now, §'(x)=0 = 3x"-3(16-x) =0
=x"—(16-x) =0

= x*=256-x" +32x=0

xzﬁzﬁ
32

MNow, §"(8)=6(8)+6(16—-8)=48+48=96>0
.. By second dertvative test, x = 8 15 the point of local minima of 5

Hence, the sumn of the cubes of the numbers 15 the minimum when the numbers are S and 16 —8=8.

17. A square piece of tin of side 18 cm 1s to be made into a box without top, by
cutting a square from each corner and folding up the flaps to form the box. What
should be the side of the square to be cut off so that the volume of the box 1s the

maximum possible.

ANS :

Let the side of the square to be cut off be x cm. Then, the length and the breadth of the box will be (18 — 2x) em each and the height of
the box isx cm.

Therefore, the volume Fx) of the box is given by,

) =x(18 — 20

2

SV (x)=(18-2x) ~4x(18-2x)
=(18-2x)[18~2x - 4x]
= (18- 2x)(18—6x)

Now,F'(x)=0 =x=%0rx=3



Ifxx =9, then the length and the breadth will become 0.
SLEFES

= x=3

Now, V"(3)=-24(6-3)=-72<0

. By second dertvative test, =3 15 the point of maxima of ¥,

Hence, 1f we remove a square of side 3 cm from each corner of the square tin and make a box from the remaining sheet, then the volume
of the box obtaned is the largest possible.

18. A rectangular sheet of tin 45 em by 24 cm 1s to be made into a box without top,
by cutting off square from each corner and folding up the flaps. What should be
the side of the square to be cut off so that the volume of the box is maximum ?

ANS :
Let the side of the square to be cut off be x cm. Then, the height of the box 13 x, the length 15 45 — Zx, and the breadth 1 24 - 2x
Therefore, the volume Fx) of the box 15 given by,

V(x)=x(45-2x)(24-2x)
= x(1080-90x —48x+4x°
=4x" —138x" +1080x
V' (x)=12x¢" - 276x +1080
=12(x"-23x+90)
=12(x-18)(x-5)
V'(x)=24x-276=12(2x-23)

Now,V'(x)=0 =x=18andx=3

It 13 not possible to cut off a square of side 18 cm from each comer of the rectangular sheet. Thus, x cannot be equal to 18,

Mow, 1"(5)=12(10-23)=12(-13) = =156 <0
- By second derivative test, x =5 15 the poimnt of maima

Hence, the side of the square to be cut off to make the volume of the box maximum possible 15 5 cm.



19, Show that of all the rectangles inscribed 1in a given fixed circle, the square has
the maximum area.

ANS :

Let arectangle of length [ and breadth & be mscribed in the given circle of radius .

Then, the diagonal passes through the centre and is of length 24 cm

MNow, by applying the Pythagoras theorem, we have:

(2a) =1+
= b =da’ - F

=b=~d4a' -1’
. Area of the rectangle, 4= 1447 - 12

2
R e B ey

dl 40’ -1
g’ -2

N

3

4a* =1

T —(4a? =22 (-2{)
ﬂ:d‘dla I’ (—41)—(4a" 21 )2 e
dr (40’ -17)

B (4a” =1 )(~4l)+1(4a’ -21")

(4a* -1 }
124" +20 _ ~2(6a* ~1)
(4a’ -F}% (4a° —..")%
Nuw,% = 0 gives da* =2 =1 =2a
=h= m = @ =J2a
Now, when [ = «ﬁa,

A 2(V2a)(6a’-24") g
dr 2\24° N

-4 =0

. By the second derivative test, whenj — /7, then the area of the rectangle 1= the magimum.

Sincej— p = /24, the rectangle is a square.

Hence, it has been proved that of all the rectangles inscribed in the given fixed circle, the square has the masimum area,



20. Show that the right circular cylinder of given surface and maximum volume 1s
such that 1ts height 1s equal to the diameter of the base.

ANS :

Let r and & be the radius and height of the cylinder respectively.
Then, the surface area (3) of the cylinder is given by,

§=2nr" +2nrh
S

2nr

=
=—| —|-r

2nlr

Let "be the volume of the cylinder. Then,

V=mr'h=nr [i[lJ—r} S
2nlr 2

Thcn,d——ﬁ—ﬁ : d———ﬁ-?l:r
dr 2 L dr

= h=

v ,
Now., c:;——{}ii-%rrr =’

"
_—an\( <0,

.. By second dertvative test, the volume 13 the mazimum when :f;i .
n

Q

When r* = S

Now, when r* = f;i’ then h = f'm_r[l}_ T

T 2z \r

Hence, the volume 15 the mazimum when the height 15 twice the radius 1e | when the height 15 equal to the diameter.



21. Of all the closed cylindrical cans (right circular). of a given volume of 100 cubic

centimetres, find the dimensions of the can which has the mimimum surface
area?

ANS :

Let r and /2 be the radius and height of the cylinder respectively.
Then, volume (7} of the cylinder 15 given by,

V=mh=100 (given)
100
w.’,‘

soh

surface area (5) of the cylinder 15 given by,

+ ¥ 2
S =2 +2m‘hz2m"+E
.
4 2
.'.di=4rtr—2—[iu, d—‘?=4n+4—[{ﬂ
3 P dr P
E=l£]' = 4rtr=2i.l,ﬂ
i3 re
. 2000 50
o= =—
dr =

I
(&)
=>r=|—
T
50

Now, it is observed that when r = [—) )
I

d’s
drl

=1,

1
By second derivative test, the surface area 15 the munimum when the radius of the cylinder is(ﬂ]" om

8

|
r y - I-= T
H[SGT (sop( )

n

| |
Hence, the required dimenstons of the can which has the minimum surface area 13 given by radius = [@] om &nd height = 2( @]1 o,
1 T



22, A wire of length 28 m is to be cut into two pieces. One of the pieces is to be
made into a square and the other into a circle. What should be the length of the
two pieces so that the combined area of the square and the circle 1s minimum?

ANS :

Let a ptece of length { be cut from the given wire to make a square.

Then, the other piece of wire to be made into a circle 15 of length (28 - ) m.

MNow, side of square =£.

Let r be the radius of the circle. Then, 2mr =28~ = r = %{28 ~1).
2n

The combined areas of the square and the circle (4) 15 given by,

A =(side of the squarej:2 +

I 1 :
= yw| (281
16 ﬂ[zn{ }}

- | 3
=—+—(28-1
16 411[ )
dd 21 2 [ 1
S = — (281 )(-1) == —— (281
dl 16 431( )(=1) 8 2:':( )
d-:d=l+i:=l}
di- 8 2m
Now, “_¢ = i—i{23—£}=u
dl 8 2n
_ M-4(28-1)
8n
= (m+4)-112=0
e 112
n+4
Thuz, whenf = E, dz’f" >0,
n+4d dl

. By second derivative test, the area (4) i the munimum when/ = Lz‘l .
T+

Hence, the combined area is the minimum when the length of the wire inmaking the square isL4 crn while the length of the wire in
n+

making the circle 15 ZR—E = Zsicm
n+d m+d



23. Prove that the volume of the largest cone that can be inscribed in a sphere of

radius R 1s 37 of the volume of the sphere.

ANS :

Let r and # be the radius and height of the cone respectively inscribed in a sphere of radius &

Let I be the volume of the cone.
1 .
Then, ¥ :E:rrr'k

Height of the cone 15 given by,

=R+ AB- p+R* —)* [ABC is aright triangle|

2arR* -3

i+ Ao
3R =



S\fﬁ 2R =9’ )~ (2R < 3mr )- (=2r)
( )~ )

d3V:2xR+ R —1rt
dr’ 3 9(R* 1)
_ 2 R g[ﬁ'z —rz](ﬁn-’fz — O’ ]—I—lﬁnr"' R+ 3
27(R - )
dv 2 3’ - 2mrR’
Nﬂw,dr =0 = 11:3 rRk= LJW
:h-Eth;z_—ﬂf::-ER RP = =377 2 2R
b

= 4R (R*—r?) = (3" -2R*)
= 4R —4R T =9 + 4R 1207 R*
= Qpt QR

=’ =§fvr1
9
, , v
When »~ =§R', l;hn:nﬂr — < (),
9 dr-

.. By second derivative test, the volume of the cone 15 the maimum when -~ = % R,

thnr::ERE,h=R+ R“’—§R:=R+ lR~‘=R+E=iR,
9 \' 9 \'9 3 3

Therefore,

:lx[ﬁﬁzj(i Rj
309 3
= i[in.’f‘l]
2703
. %x{\-"oluma of the sphere)

Hence. the volume of the largest cone that can be inscribed in the sphere is %

the volume of the sphere.

]



24. Show that the right circular cone of least curved surface and given volume has

an altitude equal to \E time the radius of the base.

ANS :

Let r and & be the radius and the height (altitude) of the cone respectively

Then, the volume () of the cone is given as:

vV

Vzlirrzfr:> h=
In ¥

2

The surface area (S) of the cone 15 given by,

5 =mri (where [ 15 the slant height)

=N+ i
. 9K° n Nt ¥

=7, [P+
nr LY

:%vnzrﬁ +9V°

i

O 2t 7
cdS _ og rhe

Cdr P
3t —atrt -’
A m oy
3 2mrt =9)°
- rzs.n'f:rtlr +91?

2n°rt —9)?

J"'E Jnlrl's +9I’_r2

s .
Nuw.'T'= 0= 20" =0)? =% =
dr

=3

T

Thus, it can be easily verified that when,* = ijﬁ =0

.. By second derivative test, the surface area of the cone 15 the least when,® = &
n’

n w9 w3

1
2 'y 163 3
thnr"=?—,, h=l=i[h—rJ =i1.ﬁnr =2r.

Hence, for a given volume, the right circular cone of the least curved surface has an altitude equal to /7 times the radius of the baze.



25. Show that the semi-vertical angle of the cone of the maximum volume and of

given slant height is tan™' /2 .

ANS :

Let @ be the semi-vertical angle of the cone.
It 15 clear that @ e [U. %}

Let r, i, and [ be the radius, height, and the slant height of the cone respectively.

The slant height of the cone is given as constant.

i

e
Mow, r={sinfandhi=[cosd

The volume (F) of the cone is given by,

= 51[(13 sin” 9)(!(;059)

1 . 2
= Em"‘ sin’ @cos @

av _Irr. . ,
:.E=T[sm‘8{—s1n9]+c059(25m6cos€]:|
Faor .5 .. 5
=—| —sin"+2sinfcos B
3 [ s+ Zsinticos ]
d’v
dé?

=?Tn[—%in’-’)cos()+2|:os"(?—4sin’ (Jcos{?]

:Fl[2cnst0—?sin’ (Jcos(}]

3

s

Ncm.-.ar =0
de

= sin’ @ =2sinfcos’ @

=tan’#=2

— tan 6 =+/2

=@ =tan"'2

Now, when & =tan™' \EL thentan® @ =2 or sin® @ = 2cos® 6.
Then, we have:

ﬂ = !J-‘—ﬁ|:2(,'us'1 #-14cos 6] =—dnl cos’0 <0 for fe [(L E}
dg 3 2

..By second derivative test, the volume () is the maximum when g — an~' /2 .

Hence, for a given slant height, the semi-vertical angle of the cone of the masimum volume 15 3 /2 .



The point on the curve x* = 2y which is nearest to the point (0, 5) 1s

@A) V24 (B @20 (© (0.0) (D) 2.2

plat i

ANS :
The given curve is x* = 2y.

For each value of x, the position of the point will be[x, %J

The distance 000 between the points [x, %J and (0, 5% 15 given by,

5 2 : 4 !
d(x)=|(x-0) +| =-5 =Jx2+x—+25—5_1'2 =JI——4_I2+25
2 4 4

() (x"-8x) (+ —8x)
sd'(x)= =
2\{%’_4x3+25 Vit —16x7 +100

Now, d'(x]:ﬂ:}xﬁ —-8x=10

= x(x"=8)=0
=x=0.+22
Vx' 1627 +100 (35" - 8) - (x —31]-2 J f’ril:?’r 00
wion X —l6x" +
And."(x) = (x' —16x" +100)

(x' =162 +100)(3x" —8)—2(x" - 8x)(x" - 8x)
(x* 1647 +100}§
(x* —16x" +100)(3x" ~8) - 2(x" —8x)

(x*-162 + mn)g

2

36(-8)
61

< (.

When, x = 0, then d"{x} =

When, x = 242, d"(x)=0.

By second derivative test, d(x) 15 the minimum at  — 4272 .

(2\5}: )

=4.
2

%en = izﬁa y =

Hence, the point on the curve 4= 2y which 15 nearest to the point (0, 5) 13 (ﬂﬁ, 4]_

The correct answer 15 &



l—J:+Jc2

28. For all real values of x, the mimmimum value of C— 1s
l+x+x

&) 0 ®) 1 ©3 O3
ANS :
Let__f'[x}:l_x+'r:;.
I+x+x°
.'.f'(.r}:{I+x+xz){_]+EX}_(]_.,I+XZ){I+QX}
(I+x+x:)'
:-l+2x—x+2x2—_r2+21'3-]—2_r+x+2x3—,1'2—213
(1+x+x7)
_2@-a  2(x-0)
(]+x+.rl}l (I+Jc+x3)2
L f(x)=0 = ¥ =1 x=+1
o) 2[(|+x+x*‘)1(2x]—(x’ —l){Z}{l+x+x“){l+2x]:|
S (lrxex)
_4(]+.r+x3)[(l+x+x3)x—(xz—I][l+2x}]
(I+x+13]4
:4[.r+xl+x3—xz—2x3+l+2x]
(l+x+12}3
=4(1+3x—x3]
(l+x+,}r1)11
cy HE3-1)_4(3) 4
And. f7(1)= (1+141) (3 9 ’

Also, f"(-1) =H=4[—l]= 4 <0

C1-141 1

"By second derivative test, {'is the minimum at x = 1 and the minimum value is given by (1) = 3
+1+

The correct answer 15 .



Ll.Jll—l-

29, The maximum value of [x(x —1)+1]° g<x<1 1s
- 1 S
1)s 1
@l ®3; ©1 oo

ANS :

Letf‘[r)=|:x{,r—])+l}l‘.

f'(r = e 2
3[x(x-1)+1]
Now, f"(x)=0 = ,1;:l

2

Then, we evaluate the value of f'at critical pointy = % and at the end points of the interval [0, 1] {1e,atx=0andx=1}.

j’{D}:[ﬂ{U—l}+I];:I

f{I]:[](]—HH];:]

| 1
(1Y =1 (3
(a3 -6)
Hence, we can conclude that the mazimum value of f'in the interval [0, 1]15 1.

The correct answer 15 C.
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