CLASS XII APPLICATION OF DERIVATIVES CHAPTER 6

EX. 6.5 SOLUTIONS

1. Find the maximum and minimum wvalues, if any, of the following functions
given by
1) f&x)=2x-1+3 @) fx)=9M2+12x+2
() f(x)=—-(x-1;F+10 () gx)=x+1

ANS:
(1) The given function is fx) = (2x — 1% + 3.
Tt can be ohserved that (2x — 134 > 0 for everyx € R

Therefore, flx)y=(2x— 13 +3 23 for everyx € R

The minimum value of /15 attained when 2x— 1=10.

2x—1=0= y=1'
2

i value off=f[l} - [g.l_ ] +3=3
2 2
Hence, function fdoes not have a maximum value.
(11) The given function is fix) = Ord+ 12x+2=C3xr+2¥ -2
It can be observed that (3x + 234 > 0 for everyx E R

Therefore, flxy= 3x+ 2% —2 -2 for everyx & R.

The minimum value of f1s attained when 3x+ 2 =0

42 =0 = x:_?z

CMhnimuom value of = f[—%] = [3[_?2]+2]_ -2=-2

Hence, function fdoes not have a maximum value.



(111) The given function 15 fx) =— (x — 1%+ 10,

Tt can be observed that (¢ — 1) > 0 for everyx E R

Therefore, fx)=— (c— 1)*+ 10 £ 10 for everyx € R.

The mazirmm value of fis attained when (x— 1) =10.
x—-1=0=2x=0

S Maximum value of F= A1) =— (1 — 1)*+ 10=10

Hence, function fdoes not have a runirmum value.

(iv) The given functionis g =x*+ 1.

Hence, function g neither has a mazimum value nor a minumum value.

2. Find the maximum and minimum values, if any. of the following functions

given by
@ fO)=lx+2|-1 @ g@=—|x+1]+3
(i) h(x)=sin(2x)+5 (1v) f(x) =|sin 4x + 3|

(v) h(x)=x+1,xe (-1,1)
ANS:
@ A = e+ 2 -1
We know that |x+2|= 0 for everyx € R

Therefore, fix) = |x+2|-1=—1 for everyx € R

The minimum value of f'is attained when|x+ 2| =0.

|x+2|=0
= x=-2
S Minimum value of f=f-2)= =|-2+2|-1=-1

Henece, function fdoes not have a maximum value.
(i) g =[x +1]+3

We know that —|x+1|<0for everyx E R
Therefore, g(x) = —|x+ I| +3=3 foreveryx E R

The maxcimum value of g is attained when|x + 1| =0.

x+1]=0
= x=-1
S Meimum value of g = g(—10= —|-1+1|+3=3

Henece, function g does not have a minirmum value.



(1) 2 =sinx + 5

We lmowthat — 1 <sin2x <1,

= —-14+5<smm2x+5<14+5

= d<snlx+548

Hence, the maxzimum and minimum values of # are 6 and 4 respectively.
(iv) ) =|sin 4x +3|

We lmow that —1 < sindx < 1.

= Z2<sindx+3 <4

= 2 <sindx+3|£4

Hence, the mazimum and minimum values of fare 4 and 2 respectively.
mhCtO=x+1,x=(-1,1}

Here, if a point x; 15 closest to —1, then we find %+ 1<x,+1 forallx = 1,13

x, +1

Also, 1fx 15 closestto 1,then v +1< +1 forallx €0-1, 10

Hence, function 2000 has neither maximum nor minimmurm value in (—1, 13

3. Find the local maxima and local minima, if any, of the following functions. Find
also the local maximum and the local minimum values, as the case may be:

0 £ = @ e@=r-3
(1) h(x)=sinx+cos xﬂ]{x-::%

(iv) f(x)=sinx —cosx, 0<x<2m
;

-

V) f) =X —62+9%x+15  (vi) g(l‘}=§+x x>0

(vi)) g(x)= ®il) f(x)=xfT—x, x>0

e )



ANS:
() flr) =2
L f'(x)=2x

Now,
f(x)=0=x=0

Thus, x =0 1 the only critrcal pomt which could possibly be the point of local maxima or local minima of f

We hiave f*(0)=2, which is positive,

Therefore, by second dertvative test, x =015 a pount of local mmima and local mintmum value of fat x =015 0} =0
(if) o) =2 - 3x

g(x)=3x"-3

Now,

¢(x)=023 =3 r=1l
g'(x)=6x

g'(1)=6>0
g'(-1)=-6<0

By second derivative test, x= 115 a point of local minirma and local minimum value of g stx =115 g(1)=1"=3=1-3=-2 However,

x=-11sapoit of local mazima and local maxmurm value of g &

t=-lisg()=(-1¥-3(-1)=-1+3=2



(111 ACx) = sir + cosx, 0 <x ﬂg

SN

—

x) = cos x —sin x

T Il'\'
=0 =sinx= cosx::»tanx—l::»x_ze 0, =

W
(x 2)

o

W(x
d

Therefore, by second derivative test, x = E is a point of local maxima and the local maxirmurm value of 7 at y = s

.

‘-._.;

=—5iNX—-Ccosx= —{sinx+ms.r)

=2 <0

2

][J_I]_I

= A

h[ﬂ sm +c05 J_ J_

(iv) fly=sinx—cosx, 0 <x <27
o f'(x)=cosx+sinx

"(x)= l]:>c03x-—smx:>1;anr-—l:>x-%n %E(GZ )

Wik ¢ 33:

f
f'(x)——51nx+msx
f

—] s1n—+cos —j2=0

( 4 J' T
a2

J' J'

2:‘»[‘.*

Therefore, by second derivative test, x = % i3 a point of local maxima and the local mazimum value of fat x= % i3



f[%]—sm——cos%— %+%: V2. However, x = LA a point of local mimima and the local mimimum value of fat x=-=1s
n T n 1 1 =
— |=sin—-c0s—=——=——==—2

f[ 4] N AN

(W) ) =" — éx* + 9x + 15

S Sf(x) =327 —12x+9
S'(x)=0 =3(x -4x+3)=0
=3(x-1)(x-3)=0
=x=13

Now, /"
(x)=6x-12=6(x-2)
(1)=6(1-2)=-6<0
"(3)=6(3-2)=6>0

Therefore, by second derivative test, x =1 i3 a point of local mazima and the local maximum value of fatx =115 1) =1-6+ 9+ 15
=19 However,x =3 i5 a point of local minima and the local minirmum value of fat x =3 15 30 =27 - 54 + 27 + 15 =15

D) g(x)=2+2 x50
i x)==+Z,x>
g{ 2 x

Now,

g'(x)=ﬂgive5%=];:>x:=4:>x=-|_-2
x

sincex >0, wetake x =2

. 1
g (2}: Izi}{:

Therefore, by second derivative test, x =2 15 a point of local minima and the local minimum value of g atx =2 15 2(2) =% + % =1+1=2.

]
¥ 42

(vi1) g(x)=

Cor ()

8= x’+2)J

g'(r}:DD :h::!):)x:(]
[x'+2}

—

Now, for values close to x =0 and to the left of 0, g'(x) > 0. Also, for values close tox =0 and to the right of 0, g"(x) < 0.

Therefore, by first derivative test, x = 0 13 a point of local maxima and the local maximum value of g (0) u,ﬂl—z = %
) +



i) f(x)=xyl-x, x>0

f'(x]=ﬂ:>22—ixx={}:>2—3x=0:>x=%
e o
{x)-_ 1-x h
AG v = 1
_2{]_x)_-‘: 2-3x i I—I[—3}+(2—3x)(2 1-x]
N N = T
=—6(1 x)+(2-3x)
4[]-1‘]
_ Jx—4
4(1-x):

Therefore, by second derivative test, x = % i3 a point of local maxima and the local masimum value of fat x :% 13

CHEREs



4. Prove that the following functions do not have maxima or minima:

@ fx)=¢ (i) g(x)=logx

@) h(x)=x +x*+x+1
ANS:
1. We have,
foo=¢t
S f(x)=e
Now, if f'(x) =0, then e” = 0. But, the exponential function can never assume 0 for any value of x.
Therefore, there does not exist c€ R such that f'(¢)=0.

Hence, function fdoes not have mazima or minima.
i1, We have,

gxy=logx

g'(x)z%

Sincelog x is defined for a positive number x, g'(x) = 0 for any x.
Therefore, there does not exist c& R suchthat g'(¢)=0.
Hence, function g does not have maxima or minima

111, We have,

B =x+x+x+1

SR (x)=3x"+2x+1

Mo,

B =0 32+ et 1205 (222 12 o
6 3

Therefore, there does not exist c&€ R such that i'(c) = 0.

Hence, function & does not have maxima or minima.



5. Find the absolute maximum value and the absolute minimum value of the following
functions m the given intervals:

@ ) =>xx=-2,2] () f(x)=sinx+cosx.xe [0,7]

(i) f(x) =4x—%xl. .re{—l%] (iv) f(vl): (x—1)*+3, x g[-3.1]

ANS:

(1) The given function is flx) = .

f'[x}zlr"
Now,
f(x)=0 = x=0

Ther, we evaluate the value of fat critical point x = 0 and at end points of the interval [-2, 2].

A=0
fo=(27 =8
f=0@r=s8

Hence, we can conclude that the absolute measirmm value of fon [-2, 2] is 8 occurring at x = 2. Also, the absolute minimum value of
on [-2, 2] 15 —% occurring at x =—2.

(1) The given function is fix) = sinx + cosx

cf'(x) =cosx—sinx

Now,

! ; n
f(x)=0 = smxzcos.r::rtanleznzz

Then, we evaluate the value of fat critical point x =E and at the end points of the interval [0, m].



[} 1 n 1 1 2
_f[—J:sin—+cos—=—+—=_=.ﬁ
4 44 2 2

F(0)=sin0+cos0=0+1=1

f(r)=sinn+cosn=0-1=-1

Hence, we can conclude that the absolute maximum value of fon [0, 7] 15 /7 cccurring atx = % and the absolute minimurm value of fon
[0, ] is —1 oceurring at x =T

(ili) The given function is f(x)=4x- %x:.

S f ()= 4 (2)=4-x

Now,
F(x)=0 = x=4

g
Then, we evaluate the value of fat critical point x =4 and at the end points of the interval {—2, —} .

F(#)=16-1(16)=16-3-8

0y 9y
;‘[—] 4 2]—1[—J 1830 _18-10.125 = 7.875
2) 8

g
Hence, we can conclude that the absolute magirmum value of £ on[—z, ﬂ 15 8 occurring at x = 4 and the absolute minirmum value of fon

C
{—2, %} 15 —10 occurring abx =-2.

(1v) The given function is flx)=(x- I]: +3.

s Sx)=2(x-1)
Now,
f(x)=0= 26— 1)=0=x=1

Then, we evaluate the value of fat critical point x =1 and at the end poirts of the interval [-3, 1].

F(1)=(1-1 +3=0+3=3
F(-3)=(-3-1)' +3=16+3=19

Hence, we can conclude that the absolute magimim value of fon [=3, 1715 19 occurring at x =—3 and the minimum value of fon [-3, 1]
133 occurringatx=1.



6. Find the maximum profit that a company can make, if the profit function is
givenby
px) =41 — 24x — 187

ANS:

The profit function is given as p(x) =41 — 24x — 18x%.

Sop(x)=-24-36x

p"{x} =-36
MNow,
-24 2
' =) = yx=—==-=
P {x} x e 3
Also,

-2
"|—|=-36<0
pﬂsj
By second derivative test, x = —% 1z the point of local mazima of p.

2
.« Maximum profit = p(—:]
3

o-u{ (]

=41+16-8
=49

Hernce, the magirmim profit that the company can make 15 49 units.

7. Find both the maximum value and the minimum value of
3x* — 8x° + 12x? —48x + 25 on the interval [0, 3].

ANS:

Let i) =3x%— &% + 12x% — 48 + 25

s F(x)=12x" - 2457 + 24x - 48
=12(x* = 2% +2x - 4)
=12[x*(x-2)+2(x-2)]
=12(x-2)(x* +2)

Now, f'(x)=0givesx=2 or x*+ 2 =0 for which there are no real roots.
Therefore, we consider enlyx =2 [0, 3]

Wow, we evaluate the value of fat critical pointx =2 and at the end points of the interval [0, 3].

7(2)=3(16)-8(8) +12(4) - 48(2) +25
=48—64+48-96+125
=-39
7(0)=3(0)-8(0)+12(0) - 48(0) +25
=25
£(3)=3(81)-8(27)+12(9)—48(3) +25
=243-216+108-144+25=16

Hence, we can conclude that the absolute maximurm value of fon [0, 3] 15 25 ocourring at x = 0 and the absolute minimurm value of Fat
[0, 3] 15— 39 cccurring at x = 2.



8. Atwhat points in the interval [0, 2r], does the function sin 2x attain its maximum
value?

ANS:
Let fix)=sin 2x.

L (x)=2cos2x
Now,
F(x)=0 = cos2x=0

r|:3ﬂ:5n?_:lt

22 2 2
n 3nr 5n Tn
A=y Ty T
4 4 4 4
Then, we evaluate the values of fat critical pomnts x = g 3; STH ?Tﬂ and at the end points of the interval [0, 27].

2 4

S . am T . In
f[T]-sm?-I.,f[T]—smT-—l

f[%]= sin% =l,f{3—n] =sin3?n= —1

S(0)=sin0=0, f(2x)=sin2x=0

Hence, we can conclude that the absolute mazimum value of fon [0, 27] 15 occurring at x = E and x = STH

0. What 1s the maximum value of the function sin x + cos x?

ANS:

Let fix)=sinx+ cosx.

s f'(x)=cosx-sinx
St

f'(x)zﬂ = sinx=cosx = tanx=1=x= T

T
1
f”[x] =—sinx—cosx :—[sinx+c05x]

Now, f*(x)will be negative when (sinx + cos x) is positive i.e., when sinx and cos x are both positive. Also, we know that sinx and cos

x both are positive in the first quadrant. Then, f”(x)will be negative whenx e [U,g] .

. T
Thus, we consider y ==
4

.f"’[ﬂ:—[sinz+c052]:—[\%]:—J?-:O

4

L . . . . . 1 1 2
By second derivative test, will be the maximum at = T and the maxirmun value of fis [EW:sm£+cosE:—><—:—=~ﬁ.
7 4 2 A Ty e N RN



10. Find the maximum value of 2x* — 24x + 107 in the mterval [1, 3]. Find the
maximum value of the same function in [-3, —1].

ANS:

Let f{x) = 2x* — 24x + 107,

o f'(x)=6x" - 24=6(x" - 4]
Now,
[1(x)=0 =6(x"-4)=0=x" =4=> x =42

We tirst consider the interval [1, 3]

Then, we evaluate the value of f'at the critical pointx =2 € [1, 3] and at the end points of the interval [1, 3],
f2y=2(8)-24(2)+ 107 =16—-48+ 107 =175
F=21)-241)+ 107=2-24+ 107 =85

f3=2027-243)+ 107=54-72+ 107 =89

Hence, the absolute mazimum value of fix) in the interval [1, 3] 13 89 ocourring atx =3,

Wext, we consider the interval [-3, —1].

Evaluate the value of fat the critical point x=-2 & [-3, —1] and at the end points of the interval [1, 3].
f=3=2(-27)-24(-3+ 107 =-54+ 72+ 107 =125

f==2-1)-24 (-1)+ 107 =-2+ 24+ 107 =129

f=2)=2(-8)-24 (-2)+ 107 =—-16+48+ 107 =139

Hence, the absolute maxzimum value of f{x) in the interval [-3, 1] 15 139 occurring at x =—2.



11. Ttis given that at x=1, the function x* — 62x* + ax + 9 attains its maximum value,
on the interval [0, 2]. Find the value of a.

ANS:
Let ) =x*— 62 + ax + 9.
S (x)=4x"—124x+a

It 15 given that function fattains its magimim value on the interval [0, 2] atx =1

L f(1)=0
=4-124+a=0
= a=120

Hence, the value of 2 13 120

12. Find the maximum and minimum values of x + sin 2x on [0, 2x].

ANS:

Let fix) =x+ sin 2x.
o (x)=14+2cos2x

. | n b 2t
Now, f (x) =0=c0os2x=——=—cos—=cos H_EJ =Co§—
2 3

2n
2x=2n i—T nel

b
::»x=n:rrt§. nel

2n 4w 3
=x=2"1 T T elo,21]
A 2 a 3‘
Then, we evaluate the value of fat critical points x = %,%4—:[,5?1{ and at the end points of the interval [0, 27].

n i 4rr_2rr \5
3 303 2

I
]
=
+
=
4=
=
1l
b
=
+
=
I
[
=

Hence, we canl conclude that the absolute mazimum value of ) in the interval [0, 27] 15 27 occurring at x = 2w and the abzolute
minirmm value of fix0) in the interval [0, 2m] iz 0 occurring at x = 0.
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